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A projective algebraic variety X over an algebraically closed field k 
of positive characteristic is called globally F-regular if the section ring 
S{C) = (Bn>o H°(X, £") of an ample line bundle £ on X is strongly 
F-regular in the sense of Hochster and Huneke [Sj (cf. Definition II .Ij) . 
This important notion was introduced by Karen Smith in [18J. 

In this paper we prove that Schubert varieties are globally F-regular. 
An immediate consequence is that local rings of Schubert varieties are 
strongly F-regular and thereby F-rational. Another consequence is 
that local rings of varieties (like determinantal varieties) that can be 
identified with open subsets of Schubert varieties (cf. [13]) are strongly 
F-regular 

Let X denote a flag variety and Y G X a. Schubert variety over k. 
Then the local cohomology sheaves TiyiOx) are equivariant (for the 
action of the Borel subgroup) and holonomic (in the sense of [3]) Vx- 
modules. As an application of F-rationality of Schubert varieties we 
apply recent results of Blickle (cf. [2|) to prove that the simple objects 
in the category of equivariant and holonomic Px-niodules are precisely 
the local cohomology sheaves TiyiOx)-, where c is the codimension oiY 
in X. Using a local Grothendieck- Cousin complex from [llj, we prove 
that the decomposition of the local cohomology modules with support 
in Bruhat cells is multiplicity free (see §4.2p . 

In characteristic zero the local cohomology modules with support in 
Bruhat cells correspond to dual Verma modules. In this setting the 
decomposition behavior and the simple Px-niodules arise from inter- 
section cohomology complexes of Schubert varieties by the Riemann- 
Hilbert correspondence. Picking the singular codimension one Schubert 
variety Y in the full flag variety Z for SL4 in characteristic zero, compu- 
tations in Kazhdan-Lusztig theory show that TiylOz) is not a simple 
■Dz-module (see gH]). 

We are grateful to M. Kashiwara and V. B. Mehta for discussions 
related to this work. We also thank the referee for pointing out the 
connection to the Riemann-Hilbert correspondence in positive charac- 
teristic by Emerton and Kisin [8] in proving simplicity of local coho- 
mology. 
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1. Global F-regularity and Frobenius splitting 

Let k denote a field of cliaracteristic p > and R a finitely generated 
/c-algebra. For an i?-module M we define F^M to be the i?-module 
which is equal to M as an abelian group with i?-action given by r • m = 

Definition 1.1. ([9\) The ring R is said to be strongly F -regular if for 
every c & R, not contained in any minimal prime of R, there exists a 
positive integer e > such that the map of R-modules 

R FIR-, 

1 c 

is split. 

The concept of strong F-regularity has been extended to projective 
varieties over k in the following way. 

Definition 1.2. (^[18]^) The projective variety X is said to be globally 
F-regular if there exists an ample line bundle C on X such that the 
section ring 

is strongly F-regular. 

In case X is globally F-regular it can be shown that the section ring 
of any ample line bundle is strongly F-regular. Moreover, all the local 
rings Ox,xi at points a: of X, can be shown to be strongly F-regular 
(see HE]). 

Let X be a variety over k. The absolute Frobenius morphism on X 
is the morphism F : X ^ X of schemes, which is the identity on the 
set of points and where the associated map of sheaves 

F^:Ox-^ F.Ox 

is the p-th power map. 

Let D be an effective Cartier divisor on X and let s denote the asso- 
ciated section of the line bundle Ox{F>). We define X to be Frobenius 
split along D if the map of Ox-modules 

Ox^F,Ox{D), 

splits. When D = we also say that X is Frobenius split |l5j. More- 
over, if there exists a positive integer e such that the map of Ox- 
modules 

Ox^F:Ox{D), 
splits, then we say that X is stably Frobenius split along D [18]. 
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Proposition 1.3. Let X denote a variety and let D and D' be effec- 
tive divisors on X. If X is stably Frobenius split along D then X is 
stably Frobenius split along pD. Moreover, if D' < D and X is stably 
Frobenius split along D then X is also stably Frobenius split along D' . 



Consider now the situation when X is Frobenius spht (along the zero 
divisor), and let Y denote a closed subscheme of X with sheaf of ideals 
Xy. Let : F^Ox — > Ox denote the Frobenius splitting. We then say 
that Y is compatibly Frobenius split if (j){F^Iy) C Xy. When Y is an 
effective Cartier divisor on X this concept relates to Frobenius splitting 
along Y in the following way. 

Lemma 1.1. Let Y denote an effective Cartier divisor on X . IfYis 
compatibly Frobenius split in X then X is Frobenius split along {p—l)Y. 

Proof. Assume that X is Frobenius split and let : F^,Ox — > Ox de- 
note the associated splitting. The ideal sheaf of Y is isomorphic to 
Ox{—Y) and the inclusion Ox{—Y) ~ Xy C Ox is given by multipli- 
cation with the section s G Ox{Y) defining Y. If Y is compatibly split 
then the p-power map 



where the isomorphism on the left follows from the projection formula 
and the fact that F*C ~ C^^ for every line bundle C on X. This 



For a projective variety X, global F-regularity is equivalent to X be- 
ing stably Frobenius split along every effective Cartier divisor (cf. The- 
orem 3.10(c) in [18]). This leads to the following result. 

Lemma 1.2. Let tt : X ^ Y be a morphism of projective varieties 
over k satisfying tt^^Ox = Oy. If X is globally F -regular then Y is 
also globally F -regular. In particular, if vr is birational, X is globally 
F-regular and Y is normal then Y is globally F-regular. 

Proof. Let D denote an effective Cartier divisor on F, and let s denote 
the corresponding section of the associated line bundle Oy{D). The 
pull back of D to X will be denoted by D', and the associated section of 
Ox{F)') is denoted by s' . Hence, assuming that X is globally F-regular 
it follows, by Theorem 3.10 in [18], that there exists an integer e such 
that the morphism of Ox-modules 



Proof. See Section 3 in [TH]. 



□ 




completes the proof. 



□ 



Ox 



. f:ox{d'), 

1 ^^ s', 
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splits. Applying the functor tt* to this split morphism and the assump- 
tion iT^:Ox = Oy we conclude that the morphism 

Oy ^ F:Oy{D), 

1 1-^ s, 

of (9y-modules splits. The globally F-regularity of Y now follows from 
Theorem 3.10 in [18]. The "in particular" statement follows as Tt^^Ox = 
Oy if TT is birational and Y is normal. □ 

2. Schubert varieties are globally F-regular 

Let G be a connected and simply connected semisimple linear al- 
gebraic group G over k. Let B C G denote a fixed Borel subgroup, 
T a maximal torus in B and P a parabolic subgroup containing B. 
The 5-action on the flag variety G/P has finitely many orbits C{w) 
parametrized by left cosets w G W/Wp in the Weyl group W of G 
with respect to the Weyl group Wp of P. We let X{w) denote the 
closure of C{w) in G/P. This is the Schubert variety corresponding 
to w. The Weyl group comes with a natural partial order (the Bruhat 
order) given hy v < w if and only if X{v) C X{w) for v,w & W. We let 
£{w) denote the length of the Weyl group element w e W. For details 
on the theory of linear algebraic groups we refer to [I9] . 

2.1. Bott-Samelson varieties. If s G is a simple reflection, the 
Schubert variety X{s) coincides with the variety Pg/B ~ C G/S 
for the minimal parabolic subgroup Pg = B VJ BsB. 

Let w = (si, S2, . . . , si) denote a collection of simple reflections in W 
and let Pi denote the minimal parabolic subgroup associated with Sj. 
The product 

P^=PlXP2X---xPi 

comes with a right action of i?' defined as 

(Pi,P2, ■ ■ ■ ,Pi)ibi,b2, ■■■ ,bi) = {pibi,b^^p2b2, ■ ■ ■ ,bj'\pibi). 

The quotient Z{w) = Pw/B^ is a smooth projective variety of dimen- 
sion / called a Bott-Samelson variety. 

Fix an integer 1 < i < I and consider the closed set of points Zi in 
Z((si, . . . , s/)) which may be represented by a point in Pi x P2 x ■ • ■ x -P/ 
of the form {pi,...,pi) with pi equal to the identity element in G. 
Then Zi is a irreducible closed subvariety of Z{si, . . . ,si) isomorphic 
to the Bott-Samelson variety Z{si, . . . , Sj, . . . , s/). For further details 
and references on Bott-Samelson varieties we refer to [H]. 

Proposition 2.1. The Bott-Samelson variety Z = Z{w) is globally 
F-regular. 
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Proof. As Z is smooth it is enough to prove that Z is stably Frobenius 
spht along an ample divisor D (see Theorem 3.10 \TE\). By Theorem 
1 in [IS] there exists a Frobenius splitting of Z compatibly splitting 
the effective divisor Zj. (strictly speaking this result in [IS] only 
deals with the case where si - ■ ■ si is a reduced expression. However, 
the general case follows in exactly the same manner). 

By Lemma 11.11 and Proposition 11.31 this implies that X is stably 
Frobenius split along any divisor of the form rriiZi, uii G N. But by 
Lemma 6.1. in [H] there exists integers mj > such that the divisor 
^ • rriiZi is ample. This completes the proof. □ 

2.2. Global F-regularity of Schubert varieties. Consider a Schu- 
bert variety X{w) in G/ B corresponding to an element w in the Weyl 
group W . Write w as a product of simple reflections 

w = S1S2 ■■■si, 

with / minimal (i.e. / = £{w) the length of w). By the Bruhat decom- 
position the morphism 

Pi X P2 X ■■■ X Pi^X{w), 

(Pi>P2, ■■■ ,Pi) ^-^ P1P2 ■ ■ -PiB. 
induces a birational morphism 

Z{{s^,...,Sl))^X{w). 

This leads to the following result. 

Theorem 2.2. Let P denote a parabolic subgroup in G which contains 
B. A Schubert variety X in GjP is globally F-regular. 

Proof. It is well known that Schubert varieties are normal. The case 
P = B follows immediately from Lemma 11.21 and Proposition 12.11 to- 
gether with the existence of the birational map 

Z{si,...,si) ^ X{w), 

described above. 

Consider now a general parabolic subgroup P. The inverse image 
of X, by the canonical map vr : G/B G/P, is then a Schubert 
variety X{w) in G/B for some w G W. Choose w' to be a minimal 
length representative for the left coset wWp in W/Wp. By the Bruhat 
decomposition it follows that the induced map : 

TT : X{w') X, 



is birational. As X{w') is globally F-regular the statement is now a 
consequence of Lemma 1.2. □ 
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3. F-RATIONALITY AND P-MODULES 

Let R denote a commutative algebra over a perfect field k. The ring 
of /c- linear differential operator Dk[R) on i? is an i? ®k -R-subalgebra 
of Endfe(i?) defined by 

Dk{R) = {0 e Endfe(i?) : • = 0, n > 0}, 

where / denotes the kernel of the product map R ®k R ^ R- The 
R<^k -R-submodules 

= {0 e EndkiR) ■ -0 = 0}, 

defines a filtration of D^^R). Elements in D^{R) is called differential 
operators of degree < n. When 7 is a finitely generated ideal there is 
a second filtration of Dk{R) given by the R ®k -R-submodules 

= {ct>e Endfe(i?) : /("+^) -0 = 0}, 

where 1*^"^ denotes the ideal in R®kR generated by elements of the form 
a", a E I . This filtration is particularly nice when the characteristic p 
of k is positive. In this case J'-^"-' is generated by elements of the form 
and hence D^^^'^\r) = End^pn (i?), where RP^ denotes 
the subring of R of p"-powers (here we use that k is algebraically closed 
and hence perfect). In particular, 

Dfc(i?) = |jEnd^..(i?). 

n 

The right side of this equation shows that -Dfc(-R) is independent of k, 
and we therefore suppress k from the notation and write D{R) instead 
of Dk{R). 

Lemma 3.1. Assume that k has positive characteristic p and that R 
is a finitely generated k-algebra. For every multiplicative subset S of R 
there exists a natural isomorphism of left Rs -modules 

iD{R))sc^D{Rs), 

where the localization on the left is performed as a left R-module. 

Proof. Fix a positive integer n. As /? is a finitely generated /c-algebra 
it is finitely generated as a module over the subring R^" . This implies 
that the exists a natural isomorphism 

Endj^pn(i?)5 ~ End^pn(i?5), 



Now conclude the argument by using the description of D{R) above 
(in positive characteristic). □ 
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3.1. Sheaves of differential operators. Let X be a variety over k. 
The sheaf of fc-linear differential operators Vx on X (cf. §16.8) 
is a Ox-bisubalgebra of EndkiOx) which is quasicoherent for both 
Ox-modules structures. When X = Spec(_R) is affine, the sheaf Vx 
coincides with the quasicoherent Ox-bialgebra associated to the R- 
bialgebra Dk{R) defined above. 

Lemma 3.2. Assume that k has positive characteristic. For every 
x G X the natural morphism of algebras 



is an isomorphism as Ox,x-bimodules. 

Proof. We may assume that X = Spec(i?) is affine. When p denotes the 
prime ideal in R associated with x we may identify Ox,x with Rp and 
{1^x)x with D{R)p (as a left Ox.x-bimodule). The result now follows 



3.2. Local cohomology and D-modules. A sheaf of abelian groups 
!F on a. variety X is called a Vx-modu\e, if .7-" is a module over the sheaf 
of algebras Vx such that the Cx-structure, induced by the inclusion 
of Ox in Vx, is quasicoherent. 

For a locally closed subset C of X and a sheaf of abelian groups on 
X, we let W^i^J-") denote the i-th local cohomology sheaf with support 
in C (cf. [7j). If is a P^-niodule, then Hq{J^) is a Vx module for any 
locally closed subset C C X. In particular, we may regard Hq{Ox) as 
a Px-niodule. 

Lemma 3.3. Let C be a locally closed subset of a smooth variety X . 
Then the Vx-module ?i^((9x) has finite length. 

Proof. The proof depends on the concept of filtration holonomicity de- 
fined by Bogvad in [3]. By Prop. 3. 7. in [S] the Vx-va.odn\e W(j{Ox) 
is filtration holonomic. But any filtration holonomic module has finite 
length as a Vx-modvle (Prop. 3. 2. in [3j). □ 

3.3. Support of finite length P-modules. Let X be a variety over 
k. In this section we prove that the support of any Vx-modvXe of finite 
length is closed. 

Lemma 3.4. Let X be a variety over k and let T denote a simple 
Vx-module. Then T\\j is a simple Vjj-module for any open subset U 



Proof. Let i : U ^ X denote the inclusion map. The restriction map 
i*J-'\u is a map of Px-modules. Let M. denote a P^z-submodule 
of T\u and consider the composed map 



: {Vx)x ^ D{Ox,x) 




□ 



ofX. 
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The kernel ker(0) is a Px-submodule of T and hence either ker(0) 
equals T or 0. In particular, the restriction of ker(0) to U is either T\\j 
or 0. But, ker(0)|f/ equals M.. This completes the proof. □ 

Lemma 3.5. Let X he a variety over k and let T denote a Vx-module 
of finite length. Then the support of J-" is closed. 

Proof. As JF has finite length there exists a filtration 

= .Fo ^ c . . . c j:^ = ^, 

by Px-submodules, such that the quotients Ci = TijTi-x are simple 
Px-modules. Moreover, the support of T is the union of the supports 
of £j, z = 1, . . . m. This reduces the statement to the case when JF is a 
simple Px-niodule. So assume now that T is simple. 

By Lemma [3.41 we may furthermore assume that X is affine. Hence, 
there exists a global (nonzero) section s of T . By simplicity we must 
have Vx -s = T , and hence the support of T coincides with the support 
of s which is closed. □ 

3.4. F-rationality and P-moduIes. The concept of F-rationality 
comes from the theory of tight closure in commutative algebra. A 
local commutative ring in positive characteristic is called F-rational if 
every parameter ideal in R is tightly closed. For the definition of tight 
closure see [9J. One may prove that every ideal in a strongly F-regular 
ring is tightly closed. In particular it follows that strongly F-regular 
rings are F-rational. 

We quote the following crucial result by M. Blickle. 

Theorem 3.1 (Corollary 4.10 in [2J). Let R be regular, local and F- 
finite. Let A = R/I be a domain of codimension c. If A is F -rational, 
then Hj{R) is Dji-simple. 

Here F-finite means that R is finitely generated as a module over the 
subring R^ of p-th powers. In particular, the Theorem applies when R 
is the localization of a finitely generated fc-algebra. This leads to the 
following global result. 

Proposition 3.2. Let Y be an irreducible closed subvariety of codi- 
mension c of a smooth variety X over k. If all the local rings Oy^y, 
y , are F -rational, then the Vx -module TiyiOx) is simple. 

Proof. By Lemma 13.31 there exists a finite length submodule Ai of 
HyiOx) such that the associated quotient £ is a (nonzero) simple 
Px-Hiodule. Consider the corresponding short exact sequence: 

O^M^ WyiOx) ^ £ ^ 0. 

The induced map of stalks 

^ ^ W^iOx). ^ ^ 0. 
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at a point x in X, is then a short exact sequence of Px.x-modules. Us- 
ing Theorem 13.11 and Lemma 13.21 we conclude that the middle term is a 
simple Px.x-module and hence that either £3, or A^^, is zero. In partic- 
ular, the support Supp(7iy(Cx))! which is Y , is the disjoint union of 
the supports of ^A and C. But, by Lemma [3751 the supports of C and 
^A are closed, and as Y is irreducible we conclude that either Supp(A^) 
or Supp(£) is empty. Hence, = (as £ 7^ by assumption) and 
TiyiOx) thereby coincides with the simple module C □ 

4. "D-MODULES ON G/B 

Let X denote a (generalized) flag variety G/P and let Y denote a 
Schubert variety in X of codimension c. We assume that the charac- 
teristic of the ground field k is positive. 

Theorem 4.1. The V x-module TiyiOx) is simple. 

Proof. By Proposition 13.21 it is enough to prove that the local rings 
OY,y,y G Y, are F-rational. But Y is globally F-regular by Theorem 
12.21 In particular, the local rings Oy^y are strongly F-regular and hence 
F-rational. □ 

For a smooth algebraic variety X with an action of an algebraic group 
H, there is a natural notion of an if-equivariant Px-module (see |10] . 
p. 82). 

Consider the category of 5-equivariant holonomic X'x-modules for 
X = G/B. Independently of char(A;) a simple module in this category 
is uniquely given by its support which is a Schubert variety (see [3], 
Theorem 4.6 for the positive characteristic case and [H], §6.4 for the 
characteristic zero case). We let C{w) denote the simple module with 
support X{w) for w G W . Independently of char(/c) one may prove 
that C{w) C 'H\(^^-^{0 x) with equality if X{w) is smooth. 

As a consequence of Theorem 14.11 we have the following result. 

Theorem 4.2. Suppose that X is over a field of positive characteristic. 
The unqiue simple B-equivariant and holonomic Vx -module C{w) with 
support X{w) is isomorphic to the local cohomology module 

where c denotes the codimension of X{w). 

In the next section we give an example showing that Theorem 14.21 
does not hold in characteristic zero. 

4.1. Non-simplicity in characteristic zero. Consider the algebraic 
group G = SL4 over the field k with char(A;) = along with its 6- 
dimensional flag variety X = G/B. The Weyl group W of G is gener- 
ated by the simple reflections Si, 82,83 numbered from left to right in 
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the Dynkin diagram. We let „, denote the Kazhdan-Lusztig polyno- 
mial associated with v,w &W (cf. [12]). 

Consider w = S1S2S3S2S1. Then X{w) is a codimension one Schubert 
variety in X. One may check that (in fact the singular locus of X{w) 
is X^siSsj) 

1 + q ii V < S1S3 
1 if f ^ S1S3. 



According to the Kazhdan-Lusztig conjecture (proved in P].[H].[T^) 
we have the following formula for the simple module C{w) in the 
Grothendieck group of the category of S-equivariant and holonomic 
P- modules on X 

The Schubert variety X{w) is a local complete intersection since it has 
codimension one. Therefore ^'x(io)(^^) non- vanishing if and only if 
j = 1. It follows by [11] (see §4.2p that we have an exact sequence 

- - H^(.)(Ox) - nl^.,)iOx) - . . . . 

v<w,i{w)-e(v)=i 

From this we get the formula 

v<w 

i^w)] + $^(-i)^('')-^(i - P.Amnl~^T{Ox)] = 

V<SlS3 

[C{w)] + [£(.1.3)] 



in the Grothendieck group. It follows that 'Hl^^^-^i^Ox) is not a simple 
Vx-Taodu\e. 

4.2. Decomposition of dual Verma modules. In this section we 
consider the category of i?-equivariant and (filtration) holonomic T>x- 
modules on X = G/B over a field of positive characteristic. Asso- 
ciated to the 5-orbit C{w) C G/B we have the local cohomology 
sheaf J^{w) = '^^c'(u))(^^)' where c denotes the codimension of G{w). 
The simple module C{w) = admits a natural injection into 

Ai{w). Over a field of characteristic zero the decomposition of Ai{w) 
into simple modules ultimately rests on deep properties of intersection 
cohomology. The situation in positive characteristic is quite different. 
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Applying the functor Tx{w){~) ^^e local Grothendieck- Cousin com- 
plex for Ox we get a complex (see [llj ) 

(1) ^ C{w) ^ M° ^ ^ >M'^---, 

where 

M'= Miy) 

y<:W,£{y)=£{w)—i 

and C{w) sits in degree c — 1. The complex J^* in ([T]) computes the 
cohomology 7i;^^^-|(Ox)- Since X{w) is Cohen-Macaulay it follows by 
([17]. Chapitre III, Proposition (4.1)) that ([T]) is exact. This shows 
that we have the formula 

(2) [/:(^)] = 5^(-l)^(-)-^(^)[A<(y)] 

y<w 

in the Grothendieck group of holonomic and 5-equivariant P-modules 
on G/B in positive characteristic. Using Verma's identity (cf. [12], 
Remarks 3.3(b)) 

5^(-l)^(^)(-l)^(^) = 4. 

x<z<y 

for all X < y in W, one can invert ([2]) to get the decomposition 

y<w 

for the "dual Verma module" Ai{w). This shows that the decom- 
position of M.{w) into simple modules is multiplicity free and that 
[J^{w) : C{y)] = 1 if y < w and otherwise. In the character- 
istic zero setting this decomposition is given by the value of inverse 
Kazhdan-Lusztig polynomials at 1. The authors are unaware of any 
natural correspondence between the categories of holonomic and equi- 
variant P-modules in zero and positive characteristic even though they 
share many properties (e.g. simple modules and dual Verma modules 
parametrized by Schubert varieties). 
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